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Abstract
Observations of off-plane inelastic deformation around dykes motivate consideration of models of fluid-driven crack
propagation in a solid which can undergo material degradation, or damage. The application to dyke propagation
of a recently proposed damage rheology [Lyakhovsky et al., J. Geophys. Res. 102 (1997) 27635–27649] based on
thermodynamical principles and experimental measurements is discussed. The rate of accumulation of damage in this
rheology is the product of a material-dependent parameter cd and the square of the strain. For geological values, a
dimensionless parameter cd =∆P characterizing the ratio of a damage timescale to a flow timescale is very small, where
 is the magmatic viscosity and 1P the driving pressure. As a result, significant rates of damage are confined to a small
region near the dyke tip, where the strain is large. Consideration of possible singularities in near-tip solutions, shows that
the rate of propagation is governed by the viscous fluid mechanics. To a good approximation, the rate has a value equal to
that given by the zero-stress-intensity solutions of previous models based on linear elastic fracture mechanics. Predictions
from the damage rheology both of a narrow damage zone and of the rate of propagation are in good agreement with
observations.  1999 Elsevier Science B.V. All rights reserved.
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1. Introduction
Study of magma-driven fractures or dykes has
been motivated by abundant evidence from field observations and seismic signals that it is an important
mechanism of magma transport in the lithosphere.
However, a complete dynamic model is not yet available because the details of coupling between the
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viscous stresses, the country rock deformation and
the micromechanics of fracture are not fully understood. The usual theoretical approach is based on
linear elastic fracture mechanics (LEFM). Early solutions used fluid statics in an elastic cavity [1,2],
though these have no natural timescale for propagation. More recent solutions considered the effects
of viscous flow [3–9]. Estimates of the pressure
scales [8] show that the general features and rates
of magma-driven propagation are determined by the
fluid mechanics. The mechanical resistance to fracture is argued to affect only the region near the propagating crack-tip and questions of crack initiation.
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The use of LEFM has been questioned for two
reasons. First, inelastic deformation such as jointing
and shear banding is observed to extend from tens
of centimetres to tens of metres from eroded dykes
(e.g. [10,11]). Thus, the assumption of a small process zone ahead of the crack tip could be wrong and
laboratory measurements of fracture toughness may
be misleading. Second, it has been argued theoretically that under large confining pressures there is no
K-dominant region [12,13]. Both lines of argument
suggest that more general models of deformation and
fracture need to be developed to account for nonlinear and dissipative effects and to obtain a more
accurate description of dyke propagation.
Recently, a model incorporating a damage rheology derived from thermodynamical principles and
experimental measurements has been proposed to
describe the mechanical response of rocks in various
geological processes [14–17]. These authors have
shown that the damage model can account realistically for many features associated with earthquakes
and faults. Moreover, it has been proposed that such
a damage model can provide a satisfactory description of crack propagation. The idea is that degradation of the material by damage ahead of the crack-tip
reduces the elastic coefficients, the vanishing of the
shear modulus leads to failure, and thus a description
of crack propagation is obtained that accounts for
off-plane inelastic deformation.
Here, we apply Lyakhovsky’s damage rheology
to the propagation of a magma-driven fracture. We
consider the simple case of lateral propagation of a
dyke in a two-dimensional framework. Focusing on
the link between the damage model and a fracture
criterion, we argue that, though propagation is due
to critical damage at the dyke tip, the model predicts that the rate of propagation is determined by
the fluid mechanics. We start by a brief presentation of the principles of the damage model and give
the governing equations for propagation. An analysis of timescales and dimensionless groups follows.
Finally, a discussion of the dynamic controls on
propagation rate motivates a more specific analysis
of the behaviour of the deformation at the crack tip
and the effect of damage.

2. The damage model
We summarize here the main features of the damage model. Further explanation and motivation from
experimental-sample tests are given in Lyakhovsky
et al. [14]. The solid medium behaves as a damage-controlled nonlinear elastic material with elastic
energy
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The effects of damage are introduced by allowing
the two Lamé coefficients ¼.Þ/, ½.Þ/ to depend on
a local damage parameter Þ, and by the coupling
coefficient .Þ/, which also depends on Þ. Coupling
vanishes, D 0, in undamaged material, Þ D 0.
The energy U is associated with stresses
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describes the type of deformation (uniaxial strain,
simple shear, etc.). For all deformations,
p
p
3¾  3
Eq. 4 shows a linear stress–strain relation for
a given type of deformation with effective elastic
moduli that depend on the amount of damage Þ and
the type of deformation ¾ .
The amount of damage evolves with time as a
result of the applied loading. The thermodynamic
consideration of increasing entropy shows that the
kinetics of the damage process is given by
@U
dÞ
D c
dt
@Þ
where c is a positive coefficient [14].

(6)
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The basic statement of the applied theory of damage is that a material is critically damaged, Þ D Þcr ,
when it does not support any load. Mathematically,
this criterion corresponds to a loss of convexity of
the elastic energy U . The critical damage Þcr depends on the invariant ¾ of the deformation type
and, consequently, on the type of loading. Loss of
convexity of the elastic energy corresponds to failure
of the material, or, interpreted in the present context,
macroscopic fracture. The model is completed by
constitutive equations for ½.Þ/, ¼.Þ/ and .Þ/. It
is argued in [14,16] that it is reasonable to assume
that ½ should be nearly independent of Þ and that
¼ and can be approximated by the linear forms
¼ D ¼0 C ¼0 Þ, D 0 Þ. The damage parameter Þ
can be scaled so that the maximum (over ¾ ) critical
damage equals 1 and occurs when ¾ D ¾0  ¼0 = 0;
the scaling Þcr .¾0 / D 1 determines ¼0 and 0 in terms
of ¾0 . Eq. 6 for the evolution of damage then reduces
to
dÞ
D cd I2 .¾
dt

¾0 /; for ¾ ½ ¾0

(7)

where cd is a constitutive constant characterizing the
rate of damage. The material parameters in Eq. 7
are estimated as ¾0 ³ 0.8 and cd ³ 0.5–3 s 1
from a variety of experimental measurements [14].
For ¾ < ¾0 (closer to isotropic compression), it
is assumed that Þ either does not evolve or heals
slowly. In this paper, we use the simplified model
Eq. 7.

3. Scale analysis
Consider a fluid-filled crack embedded in an infinite elastic solid with the damage rheology described
above. Suppose that the crack lies in a horizontal
plane and let l(t) be its length along the x-direction
and 2h(x,t) its width (Fig. 1). Assume that the fluid
is incompressible and has viscosity . We consider
only laminar flow. Let 1P be a typical pressure scale
such as the overpressure of the source of the fluid.
Given the rigidity ¼0 of the undamaged solid, it
is expected that the deformation tensor e and the
half-thickness h of the dyke will scale like
e / ÐP=¼0

(8)
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Fig. 1. Coordinate system and schematic model. A dyke of
width 2h.x; t/ extends from x D 0 to x D l.t/ driven by an
overpressure 1P of the source. Analysis of the near-tip solution
is made using polar coordinates .r;  / centred on the tip.

h / ÐPl=¼0

(9)

Three timescales are inherent in the problem,
which can be found by non-dimensionalization of
the time-derivative equations. An inertial timescale ti
is given by elastodynamics, whose general form is
@ 2u
D r Ð σ C ²g
(10)
@t 2
where u is the displacement vector, σ the stress
tensor and g the acceleration due to gravity. The
timescale for the damage td is derived from Eq. 7.
The timescale for the viscous flow tv is derived from
the equation of mass conservation combined with
Poiseuille flow:
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(e.g. [8,18]). Using Eqs. 7–11, we obtain
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0
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0
(14)
∆P ∆P
The relative magnitude of these three timescales
controls the dynamic regime of dyke propagation.
First, the inertial timescale is very short relative to
the other two. For ti to be larger than either tv or td ,
the length of the dyke would need to satisfy either
 5 ½1=2
¼0 
(15)
l > l1 D
²∆P 5
tv D
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or

4. Near-tip analysis of the effects of damage


¼50
l > l2 D
²cd2 ∆P 4

½1=2
(16)

Using some typical geophysical values (e.g. ¼0 ³
10 GPa,  ³ 100 Pa s, 1P ³ 1 MPa, ² ³ 3000
kg m 3 , cd ³ 0.5 s 1 ), we calculate l1 ³ 1:8 ð 109
km and l2 ³ 1:8 ð 1011 km. We therefore conclude,
as expected, that elastodynamic waves can travel
from one end of the dyke to the other on a much
shorter timescale than that of propagation. Thus,
inertial acceleration can be neglected in Eq. 10 and
the stresses found from elastostatics and the damage
evolution.
The rate of propagation should thus be controlled
either by td or by tv . If tv − td , the slower damage
would be expected to control the dyke propagation
rate and the fluid would thus be quasi-static. If td
− tv , the slower flow would be expected to control
the propagation rate and there would be time for extensive damage around the dyke. A straightforward
estimate of the two scales tv and td with the values
indicated above gives
cd
tv
³ 10
³
td
∆P

4

(17)

This shows that for geophysical parameters the
timescale required for damage to evolve in the solid
is much longer than the timescale associated with
viscous flow. This suggests that propagating dykes
should be damage-controlled.
As we shall show below, the previous approximation Eq. 13 of the damage timescale, which was
based on an estimation of I2 D ei j ei j as being proportional to [∆P=¼0 ]2 from Eq. 8, is not reliable in
the region of the tip process zone, where ¼ 6D ¼0 .
The reason is twofold. First, we do not expect the
stresses around the tip to be close to the source driving pressure 1P in the dyke. Secondly, we expect
the damage-controlled elastic coefficients to vary
strongly in the region of the tip. In particular, the
modulus of rigidity ¼.Þ/ goes to zero towards the
tip with the increase of damage. The timescale of
damage in the tip region, which controls propagation
of the tip, might thus be shorter than Eq. 13 suggests.
These considerations motivate a closer examination
of the stress, strain and damage fields near the tip.

As is well-known from LEFM, loading of the
crack walls in an undamaged (uniform) elastic
medium produces near-tip stress and strain singularities which vary like r 1=2 , where r is the distance
from the tip. The purpose of this section is to examine the effect that damage, and the consequent
variation of elastic coefficients, has on the strength
of these singularities. We consider a plane-strain
elastic problem with spatially varying elastic moduli.
The general solution can be given in terms of an Airy
stress function U , where
.M C N /r 4 U C 2r.M C N / Ð rr 2 U
C r 2 N r 2 U C rr M : rrU D 0

(18)

and
MD

1
2¼

(19)

½
(20)
4¼.¼ C ½/
The derivations of a potential function U for
the stress tensor from the equations of mechanical
equilibrium and of Eq. 18 from the equations of
strain compatibility are described in Appendix A.
We consider Eq. 18 in polar coordinates .r; /
centred on the crack-tip, with the crack lying on
 D š³. In order to obtain a definite problem, we
assume that M and N take the form
ND

M D r a m./

(21)

N D r a n./

(22)

Since we are concerned with the near-tip singularities, these forms can be thought of as the
leading-order terms in an asymptotic expansion of
the damage and moduli near the tip. Since the crack
is associated with high damage, we expect a  0 and
m./, n./ to increase as  varies from 0 to š³. We
look for solutions to Eq. 18 the form
U D r b f ./

(23)

Substitution of Eqs. 21–23 into Eq. 18 leads to an
equation of the form
L[ f ] D 0

(24)

C. Mériaux et al. / Earth and Planetary Science Letters 165 (1999) 177–185

where L is a fourth-order linear differential operator
with coefficients defined in terms of a, b, m./ and
n./ (Appendix A). Eq. 24 is actually an eigenvalue
equation for eigenvalues b.a/ and eigenfunctions
r b f ./ of Eq. 18 subject to boundary conditions on
the stresses.
In the .r; / plane, the stresses are given by
σD
0
br .b
@

2/

f ./ C r .b

.b

.b 2/

1/r

2/

f 00 ./

f ./
0

.b
b.b

1/r .b
1/r

2/

.b 2/

f 0 ./
f ./

2.0

1.0

b2
0.0

1
A

(25)
These stresses are symmetric about  D 0, since
the damage can be taken to result in symmetric functions m./ and n./. It is assumed, as in LEFM, that
the near-tip singularity is produced by distant loading of the crack walls and not by a singular loading
distribution at the crack tip. Thus, ¦  D ¦r D 0
on the crack . D ³/. From Eq. 25, the symmetry
conditions at  D 0 and the loading conditions at
 D ³ give
f 0 .0/ D 0

(26)

f 000 .0/ D 0

(27)

f .³/ D 0

(28)

f 0 .³/ D 0

(29)

The starting point for discussion is the familiar
case of an uniform medium, which corresponds to
a D 0 and m, n constant. For this case, it can be
shown that equations Eq. 24 and Eqs. 26–29 have an
eigensolution
 
3 
; b0 D 32
(30)
f 0 ./ D cos
2
Since stresses vary like r b 2 and strains like
, this solution corresponds to a variation of
r
both stresses and strains like r 1=2 . Indeed, this
is just the near-tip solution for mode-I loading in
LEFM.
Now, to investigate the effect of damage on the
stress and strain singularities, we begin by applying
a linear perturbation analysis. Supposing that
aCb 2

a D 0 C Ža
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(31)

a+b2
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Fig. 2. The exponents b 2 and a C b 2 of the stress and
strain singularities as a function of the exponent a parameterizing
the strength of radial variation of damage (Eqs. 21 and 22). The
solid lines correspond to the case of constant m and n; the dashed
lines correspond to the case m D n D [cos.=2/]a which gives
zero elastic moduli on the dyke plane  D š³ .

b D b0 C Žb

(32)

f D f0 C Ž f

(33)

where f0 and b0 are given by Eq. 30, we can show
using standard techniques (Appendix A) that
5m C 6n
Ža
(34)
Žb D
8.m C n/
Since Ža < 0 in the case of interest, Eq. 34 implies, in particular, that Žb > 0 and Ža C Žb < 0.
Consequently, the effect of the damage .Ža < 0/ at
the tip is a weaker singularity in the stresses but a
stronger singularity in the strains. We checked Eq. 34
numerically and extended it beyond linear perturbations in a (Fig. 2). The stress relaxation .b > b0 / and
crack-tip blunting .a C b < b0 / increases with the
radial variation of damage (decreasing a < 0/. We
also considered by both perturbation and numerical
methods the case of m./ and n./ increasing from
 D 0 to  D š³, as envisaged for the near-tip damage field. With increasing variation in m and n, the
solutions showed stress relaxation (increasing b) and
crack-tip sharpening (increasing a C b), though these
effects were weaker than those caused by variation
of a.
These results from the near-tip analysis are important because they show that, while the stress
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singularity at the tip can be regularized by damage
relative to the linear elastic solution, the associated
strain singularity is always increased by damage. In
the following section, we analyse the implications of
the behaviour found in the previous section for the
establishment of a propagation criterion.

5. Discussion: propagation rates and criteria
We recall that material failure occurs at a critical
damage Þcr  1 and, in the context of the present
damage model, this must correspond to the criterion for crack extension: since the host rock has
been assumed to have zero strength after failure,
the invading magma front (or that of a tip cavity)
must coincide with the point of failure. More general
models in which failed material is assumed to have
a granular or viscous rheology with non-negligible
strength might allow magma propagation behind an
envelope of failed material. However, since postfailure rheology is poorly constrained, we will not
pursue such models further here.
We begin our discussion of the propagation rate
by considering the evolution of damage around the
tip in the frame of reference moving with the velocity
v of the crack-tip. On a timescale less than l=v and
a length scale less than l, both v and the damage
distribution around the tip in this frame can be
considered to be quasi-steady. Thus, Eq. 7 becomes
v Ð rÞ / cd I2

(35)

which can be integrated to give
Z
cd 1
Þ.r / /
I2 .r / dr
(36)
v r
Let us first suppose that the dyke is propagating
at a speed v of order l=td . Since td × tv , the fluid is
quasi-static and exerts a nearly constant pressure 1P
> 0 along the dyke walls. This loading produces a
near-tip strain
R 1singularity as discussed above. Now,
the integral r I2 dr in Eq. 36 diverges as r ! 0
even in an undamaged LEFM solution. This divergence is even stronger in a solution accounting for
damage .a < 0/. Such a divergence implies that the
rock reaches fracture .Þ D Þcr / some distance ahead
of the tip. However, this contradicts the above hypothesis that the rate of extension v of the crack-tip

is given by failure of material at the crack-tip. The
fact that the rock is predicted to fail ahead of the
crack-tip suggests that the dyke should be propagating faster than was first supposed. An increase in v
does indeed alleviate the problem, since the righthand side of Eq. 36 decreases and the point of failure
moves closer to the dyke tip.
Let us now suppose that the propagation speed of
the dyke is controlled by the fluid and hence that v
is much larger and of order l=tv . Significant damage
would then occur only in a small region close to
the tip where the large strains compensate for the
small cd =v. Outside of this region the deformation
of the rock is well approximated by an undamaged
linear-elastic solution. The coefficient of the I2 singularity is determined by the distribution of pressure
loading along the dyke, which is now affected by
the pressure drop induced by viscous flow along
the dyke. Owing to this pressure drop, I2 will be
less than in the earlier case of propagation on the
damage timescale, in which quasi-static fluid exerts
the source overpressure 1P all along the dyke. In
the context of LEFM, Spence and Sharp [18] derived a family of similarity solutions for fluid-driven
propagation which was parameterized by the stress
intensity at the tip. Solutions with larger rates of
propagation correspond to smaller stress intensities,
owing to the larger pressure drop and reduced loading, and there is a maximum rate of propagation at
which the stress intensity is zero; thus weaker rocks
allow rapid propagation as expected. In the present
context, since the host-rock response is linear elastic
except in the damaged tip region, the solutions will
be very similar to those of Spence and Sharp and
hence the dyke-wall loading is transmitted toward
the tip region in the same way. Hence, while the
response in the damaged tip region will be different, it is to be expected that the coefficient of the
leading-order I2 singularity will again decrease with
increasing v and vanish at some limiting maximum
velocity.
The two combined effects of an increase of v
and a Rdecrease of I2 would substantially reduce
1
.cd =v/ r I2 dr , which suggests that an asymptotic
solution can be obtained by matching Spence and
Sharp’s zero-stress-intensity solution for the propagation rate, fluid flow and external elastic response
to a near-tip damage solution and a damaged ‘bound-
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ary-layer’ left on either side of the dyke. By choosing
v in this way, the leading-order singularity in I2 can
be eliminated by adjustment of the wall loading and
only a lower-order singularity is left. In LEFM the
r 1=2 strain singularity for K > 0 is replaced when
K D 0 by an r 1=3 singularity if fluid occupies the
tip or an r 1=2 singularity if there is a vapour-filled
cavity [6,18]. Both of these
R 1 weaker singularities give
a convergent integral r I2 dr as desired, though it
should be noted that these second-order singularities
will also be increased by damage.
While the above argument shows that v and the
large-scale behaviour are given by the K D 0 solution of LEFM, it unfortunately does not identify
the length scale ld of the damage zone since the
near-tip structure of the strain-field depends on the
distribution of damage and vice versa. A rough order-of-magnitude estimate can be found by asking at
what distance the timescale of damage [dÞ=dt] 1 is
comparable to the timescale of propagation l=v ³ tv
and (incorrectly) estimating I2 ³ .∆P=¼0 /2 .l=ld /
from the r 1=2 singularity for K > 0. Use of Eqs. 13,
14 and 36 then gives ld ³ .tv =td /l D .cd =∆P/l
or of order of a metre, which provides a first crude
approximation to the scale of damage. It must be
emphasized, though, that the damage affects the
strain-field singularity and a proper estimate must
await a fully coupled numerical simulation.
We have argued above that, in the present damage
model, the requirement that damage reaches critical
only at the crack-tip determines the propagation rate
of a fluid-filled crack by adjustment of the viscous
pressure drop, and thus gives realistic predictions
for dyke propagation. It is interesting to note that
application of a similar argument to a dry crack
under tension, however small, would predict propagation at the dynamic crack velocity whereas either
finite tensile strength or stress-corrosion cracking are
observed. In the context of dry fracture other factors such as grain locking, heterogeneity and friction
on the crack walls come into play, which have the
effect of redistributing the stress singularity at the
crack tip. Modelling of these phenomena requires
elaboration of the damage model, for example, by
the introduction of a nonlocal term to model finitegrain-size effects [19]. While investigation of such
extensions is merited, the conclusion that dyke propagation is governed by the fluid timescale rather than
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the damage timescale must still hold by the independent argument that solidification is sufficiently rapid
to rule out propagation on a damage timescale as
unviable.

6. Conclusions
The present damage model reaffirms a fluid-controlled rate of propagation and points to a relatively
narrow damage zone near the tip and on either side
of the dyke. These predictions are in agreement with
observations of dyke propagation at velocities of order 1 m s 1 and of off-plane damage extending a
distance small in comparison to the dyke length.
Though we have presented analysis appropriate
to an overpressure driven dyke, similar arguments
hold for buoyancy-driven propagation. Thus, if the
extent of damage is not of interest, the propagation
of dykes and sills can be approximated by existing zero-stress-intensity solution in the framework
of LEFM. It remains, of course, to perform a fully
coupled calculation of flow, deformation and damage, and we note that the calculations here show that
to be a non-trivial computational task since any numerical scheme will need both to resolve the narrow
zone of damage and to calculate the large-scale elastohydrodynamic problem. Future more complicated
models might include the effects of finite strain,
nonlocal interactions and of anisotropy in the microstructural damage. For the moment, the agreement
with observations noted above, together with the
close similarity in predicted and observed geometries of shear banding around overlapping segments
[11], is encouraging and provides strong motivation
for further investigations of such models.
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Appendix A. Elastic solutions with variable
moduli
Tensorial analysis can be used to solve an elastic problem
in any system of coordinates. Two sets of equations are to be
satisfied, namely the equations of equilibrium and the equations
of compatibility. In a tensorial form, the stress tensor σ must
satisfy the equilibrium condition
rÐσD0

(37)

where M and N are given by Eqs. 21 and 22, and Eq. 47 can then
be expanded to obtain Eq. 18. In the case of constant M and N,
Eq. 47 gives the well-known biharmonic equation r 4U D 0.
In our analysis of the near-tip solution in a damaged medium,
we considered the case where
M D r a m. /

(48)

N D r a n. /

(49)

and

Eq. 37 implies in particular the existence of a second-rank
potential tensor such that

U D r b f . /

σ D r ^ .r ^

L[ f ]  A4 . / f .iv/ C A3 . / f 000 C A2 . / f 00

/T

(38)

where T denotes transposition. The strain tensor e, defined from
the displacements u by
2e D ru C .ru/T

(39)

has to satisfy the compatibility condition
r ^ .r ^ e/T D 0

(40)

In linear elasticity, stresses and strains are related by Hooke’s
law or its inverse:
σ D 2¼e C ½tr.e/I

1
eD
σ
2¼

½
2¼ C 3½

(41)

tr.σ/I

(42)

where ½ and ¼ are the elastic moduli, I is the identity tensor,
and tr(e) and tr(σ) are the traces of the strain and stress tensors.
In a plane-strain problem, with k the unit vector normal to the
plane, the component ekk of the strain tensor is zero. Hence, the
potential tensor
can be written in terms of a potential scalar
U, given by
1
[.½ C 2¼/kk C ½I]U
(43)
2.½ C ¼/
The stress tensor σ is then related to U by
0 2
1
@2U
@ U
0
2
B @x
C
@x1 @x2
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C
B
C
B @2U
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@2U
C (44)
0
σDB
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B @x1 @x2
C
@x
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B
C
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@
½
@ U A
@ U
0
0
C
2.½ C ¼/ @x12
@x22
D

and the planar components can be expressed by
σ D .k ^ r/.k ^ r/U

(45)

The compatibility equations Eq. 40 have only a kk-component, which can be written as
r Ð [r Ð .k ^ e ^ k/] D 0

(46)

C A1 . / f 0 C A0 . / f D 0
A4 . / D s. /

(52)

A3 . / D 2s 0 . /

(53)

A2 . / D s. /.2b2

(47)

4a/ C s 00 . /

4b C 4 C 2ab

C a.m. / C an. //
A1 . / D 2b2 s 0 . / C 2.1
A0 . / D s. /b2 .b2
C ab.2

(54)

a/.1

b/m 0 . /

4b C 4 C 2ab

(55)

4a C a 2 /

b/m. / C bm 00 . / C b2 n 00 . /

a

(56)

and s. / D m. / C n. /.
The eigenfunctions f of L can be determined numerically or
by a perturbation analysis about the eigenfunctions in LEFM.
Linearization of Eq. 51 using Eqs. 31–33 and
L D L 0 C ŽL

(57)

where
L0 D
and

@4
C
@ 4

5
2

@2
C
@ 2

ŽL D Ža.m C n/



3
2

9
16

C2

(58)
@2
@ 2

½

Žb

3
2m

Cn

Ð



3
2

C

@2
@ 2

½
(59)

yields
L 0 [Ž f ] C ŽL[ f 0 ] D 0

(60)

where Ž f satisfies the same boundary conditions as f0 . The
eigenvalue perturbation Žb can then be calculated using an orthogonality relation. Integration by parts and use of the boundary
conditions shows that
Z ³
Z ³
f0 L 0 [Ž f ] d D
Ž f L 0 [ f 0 ] d D 0
(61)
0

Z
0

r Ð [r Ð .MrrU/ C r Ð r Ð .NIr U/] D 0

(51)

where the coefficient functions Ai . / are

Equations Eqs. 42, 45 and 46 can be combined to give
2

(50)

Substitution into Eq. 47 gives

0

It follows from Eqs. 60 and 61 that
³

f0 ŽL[ f 0 ] d D 0

which can be used with Eqs. 30 and 59 to determine Žb.Ža/.

(62)
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